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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus and a new
multiplication of fractional analytic functions, we study some type of improper fractional integral. We can obtain
the exact solution of this improper fractional integral by using differentiation under fractional integral sign and
integration by parts for fractional calculus. In fact, our result is a generalization of classical calculus result.
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I. INTRODUCTION

In 1695, the concept of fractional derivative first appeared in a famous letter between L’Hospital and Leibniz. Many great
mathematicians have further developed this field. We can mention Euler, Lagrange, Laplace, Fourier, Abel, Liouville,
Riemann, Hardy, Littlewood, and Weyl. Fractional calculus has important applications in various fields such as physics,
mechanics, electrical engineering, biology, economics, viscoelasticity, control theory, and so on [1-11]. However,
fractional calculus is different from ordinary calculus. The definition of fractional derivative is not unique. Common
definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L)
fractional derivative, and Jumarie’s modified R-L fractional derivative [12-15]. Since Jumarie’s modified R-L fractional
derivative helps avoid non-zero fractional derivative of constant functions, it is easier to use this definition to associate
fractional calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional calculus and a new multiplication of fractional analytic functions
we study the following improper a-fractional integral:

®q (-1)
(olf) | Ea(—tx)®¢ sing (x)®¢ (75 x) ]

I'(a+1)

where 0 <a < 1land t > 0. The exact solution of this improper « -fractional integral can be obtained by using
differentiation under fractional integral sign and integration by parts for fractional calculus. In fact, our result is a
generalization of traditional calculus result.

1. PRELIMINARIES
At first, we introduce the fractional calculus used in this paper and its properties.

Definition 2.1 ([16]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by
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x f(£)—f(xo)
(xoDa) f( ) F(l a) dx fxo Wdt ’ (1)
where I'( ) is the gamma function. And the Jumarie type of Riemann-Liouville a-fractional integral is defined by
x _ f@®)
GalF GO = 15 i Gzt )

Proposition 2.2 ([17]): If a,B,x,, C are real numbers and § = « > 0, then

(D) [xF] = rtas ®3)
and
(oD#)Ic] =o0. @)

In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([18]): Let x, x4, and a,, be real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a, b] —

R can be expressed as an a-fractional power series, that is, f,(x%) = Y- Om( x — xo)** on some open interval

containing x,, then we say that f,,(x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f,, is called an a-fractional analytic
function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([19]): If 0 < @ < 1. Assume that f,(x%*) and g, (x%) are two a-fractional power series at x = x,,

fax®) = B0 tgeasyy @ — X0)*, 5)
9a(x®) = Xico r(kak+1) G = x0)". ©)
Then
fa(x*)®q gu(x*)
= Xk=o F(ka+1) Ty & %) ®a Xk F(ka+1) (x —x)*
= 2o (B () tombn) G =20 0
Equivalently,
fa(x*)®q go(x*)
a w b 1 o\ Bak
= Ziko (F(a+1)( ~ %o)" ) ®a Zk:ok_l!c(r‘(a+1) (x = xo) )
_vo 1 k k _ Qq k
= k=0 k! (Zm:O (m) ak‘mbm) (F(a+1) (= x0)* ) ' ®)

Definition 2.5 ([20]): Suppose that 0 < a <1, and f,(x%), g,(x%) are two «a-fractional analytic functions. Then
(fa(x“))&"k = £, (x))®, - ®, f,(x%) is called the k-th power of £, (x*). On the other hand, if £,(x*)®, g,(x%) =
1, then g, (x%) is called the ®,, reciprocal of £, (x%), and is denoted by (fa(x“))% v,

Definition 2.6 ([21]): Assume that 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by

© ka o 1 1 Rk
Ee(x*) = iootoers = Sheon (rap ©%) - (©)

I'(a+1)
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In addition, the a-fractional cosine and sine function are defined as follows:

o v (_l)kxzka e (_1)k 1 @ Q2k
cos (x%) = Y=o r(2ka+1) Zi=o @2k)! (F(a+1)x ) ! (10)

and

Sing x%) = ZI?:O

_1k,QCk+1D)a _1\k ®(2k+1)
=D« _ Vo (1)(1 a) . (11)

[(k+Da+1)  “*=0 2k+1)1 \I(a+1)

Theorem 2.7 ([22])(differentiation under fractional integral sign): If 0 < @ < 1, t is a nonzero real variable, and f, (x%)
is a a-fractional analytic function at x = 0, then

2 (I faltx ] = (o) [ fultxD)] . (12)

Theorem 2.8 (integration by parts for fractional calculus) ([23]): Suppose that 0 < @ < 1, a, b are real numbers, and
fu(x%), go(x%) are a-fractional analytic functions, then

(o) [fa) ® (D)9 (D] = [ fo@) ® gaxEZE = (o) [92(x) ® (DOf D] (13)

1. MAIN RESULTS

In this section, we use differentiation under fractional integral sign and integration by parts for fractional calculus to solve
an improper fractional integral. At first, we need a lemma.

Lemma3.1: If0 < a <1 b,t are real numbers. Then

Eq(—thb®)®g (—tsing (b%)—cosq (b)) 1
1+t2 1+t2

(oIF)[Ef(—txD) Q4 sing (x¥)] =

(14)
Proof By integration by parts for fractional calculus,
(o) [Ea(—tx)®q sing (x)]
= —(olf) [Ea(—tx)®¢ ( oD5)[cos, (x|
= —(olf) [Ea(=tx)®¢ ( oD§)[co5, (D]
= ~[Eo(~tx") @ cos, (x)BZE + (off) [c0sa (x)® (oD [Ea(—tx)]]
= ~[Ea(~tb) ® cosa ()] + 1+ (off) [cosa (x) @y [~tEa(~tx*)]]
= —[Ea(~th®) ® cosa(b)] + 1 = t( off) [Eu(—tx9)® (oD Ising (x2)]|
= ~[u(=th) ® o5 ()] + 1 =t | [Ea(~tx) @ sing (xIEZ = (ol [sime ()@ (D) [Eu(—tx] |

= —[E,(—th*) ® cos,(b®)]+1—t [Ea(—tb“) ® sing (b%) + t( OII‘,")[sina(x“)@a Ea(—tx“)]]

= [Ex(—th®) ® [—tsing (b®) — cosa(b™)]] + 1 — t2( oIF)[Ef(—tx¥)® 4 sing (x¥)]. (15)
Therefore,
1+ tz)( Olg)[Ea(—tx“)®a Sina(x“)] = [Ea(—tb“) ® [—tsing (b*) — Cosa(b“)]] + 1. (16)
And hence,
(o) [Ea(—tx)®, sing (x)] = ZEEIBaltoma@D-cosa 0B | 1 ge.d.
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Theorem 3.2: Let 0 < @ < 1 and t > 0. Then the improper a-fractional integral

(ol%s) [E (—tx®)®, sing, (x*)®, ( x“)®a (_1)] = g — arctant . 7)

I(a+1)

I'(a+1)

Proof Let Fy(t) = (o/%) [E (—tx9)®¢ 5ing (x)®q (——

sign, we obtain

(GY)
x“) ¢ ] by differentiation under fractional integral

dF(t)
dt ¢
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1
E o (—tx*)Qq sing (x*) Q¢ (mx“>

= (olfe) |7

= —( ol fer) [Ea (—tx)®¢ sing (V)]

=- bl—i>r-Poo( Olg)[Ea(_txa)®a Sina(xa)]

- _ limb—>+oo [Ea(—tb )®q [_tfj:-(;(b )—cosq(b% )] 1+t2] (by Lemma 3. 1)
1
14 ¢2
Thus,
F,(q) — F,(p) = — qu 1+1t2 dt = arctanp — arctanq . (18)

Since lim,_,,, F;(p) = 0 and lim,_, . arctanp = g, it follows that

F,(q) = - — arctang. (19)
Thus,
®q (1) T

+oo) E,(—tx*)®, sing(x*)®, (m ) = 7 —arctant. g.e.d.
In Theorem 3.2, let t = 0, we have
Corollary 3.3: If 0 < @ < 1, then

®q (-1) .
(o) [sma(x%a (rars ) ] =7. (20)

IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional calculus and a new multiplication of fractional analytic
functions, some type of improper fractional integral is studied. Using differentiation under fractional integral sign and
integration by parts for fractional calculus, we can find the exact solution of this improper fractional integral. In fact, our
result is a generalization of classical calculus result. In the future, we will continue to use our methods to study the
problems in fractional differential equations and engineering mathematics.
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